Spocaasckuii neqarornyeckuii BectHuk — 2015 — Ne 1 — Towm II (Ilcuxomoro-nenarornyeckue HayKun)

YIK 372
B. B. YUncrskos, E. U. CMmupHoB

00 onbITe HCMOIb30BaHusI poaykTa Maple 15 B yueOHOM HCCiIe10BAHUH
B 00/1aCTH TEOPUM TMHAMHYECKUX CUCTEM

Pabora BeInonHEeHa B paMKax rocyaapcTBeHHOro 3aganust PO mo npoexry Ne97

B crarbe npezcTaBieH AMIAKTHYECKUH MaTepHal JUIs HCCIEA0BATENbCKOM CTYACHUYECKOH AEsATEeNbHOCTH 001aCTH TEOPHH JUHAMU-
YECKUX CHUCTEM C HCIOIB30BaHIEM POrpaMMHOro npoxykra Maple 15. Mccnenyerces kak auddepeHunansHoe ypaBHEHHE 2-T0 TOpsAAKa
peabHOro MpoLecca U3 HErJIaKoi MEXaHUKH JBIKEHUS C CyXHM TPEHHEM MO0 ero roMoTonus. [Ipu 3TOM IpaBble 4acTH HCCierye-
MBIX ypaBHEHHI ObLIM MPPAlMOHAIBHBI MM BOOOIIE pa3phIBHEL, M OHH 3aBHCEIM OT OZHOTO I HECKOJNBKHX Iapamerpos. IIpomykr
TI03BOJISUT HE TOJIBKO HAILIJHO CMOJIEIHPOBATh PELICHUS HCCIEYeMBIX YPaBHEHUH, H3yUUTh NX SBOJIOMIO TIPH M3MEHEHUHN IIapaMeT-
POB, HO ¥ JIaBaJl BO3MOXKHOCTh KQUeCTBEHHO MCCIIEIOBATh (pa30BBIE TOPTPETHI M NMPOU3BECTH UX Kiaccudukarmio. [Tocnennue umenn
MHOJKECTBEHHBIE TPUYYIUBEIE (GOPMBI, IEMOHCTPHPYSI IPEACIIBHBIE IIMKIIBI C CAMOINIEPECEUECHUSIMY, @ TAKOKE YYACTKH CTOXaCTHYECKOTO
noBezieHus. Haubonee 5K30THYECKUME ObLIM 37€Ch HEOJHOKpATHbIE OM(ypKalMK NPHU CKaHUPOBAHHHU IO MapaMeTpy, B pe3ysbTare
KOTOPBIX HECMEIEHHOE aHTUIIEPUOIMYECKOE PELICHHE CTAHOBHIIOCH CMEILECHHBIM IIEPUOAMYECKUM C M3MEHEHHEM IIepHOia B PALMO-
HaJIBHOE YMCIIO pa3. BrIOpaHHbIE TMHAMUYECKUE YPABHEHHS MTO3BOJIIOT CHOPMYIMPOBATH IIMPOKUH HAOOp MCCIIEI0BATEIbCKHX 3a/1a4
JUTS IGMOHCTPALIMHK U JIaXKe KOJIIMYECTBEHHOTO M3YYCHHS Pa3inyHbIX (HaKTOB COOTBETCTBYIOLIEH Teopur. OCHOBHBIM CPEACTBOM U Me-
XaHM3MOM (hPOPMUPOBAHUS UCCIIEJOBATEIBECKON AESTEIBHOCTH CTYJIEHTa B Iporiecce 00y4eHus ydeOHOMY MpeIMeTy HaMH IpeJuIaraeT-
€51 KOMIUIEKC MCCIIEIOBATEIIbCKUX MPO(ECCHOHATBHO-NIPUKIIAAHBIX 33/, peali3yeMbli B CIIEIMaIbHO OPraHU30BaHHOM cpeie pecypc-
HBIX 3aHATHH Ha ()OHE MOTHBOB CAMOAKTyaJIM3allMM M IICHHOCTHBIX OpUEHTAlni. MaTtepuan MoxeT ObITh HCIOJIb30BaH B HCCIIEOBA-
TEIBCKOM CErMeHTe 00pa30BaTeIbHOrO Ipolecca NPOo(ECCHOHATBHON OATOTOBKU CTYACHTOB.

B crarbe mpexcTaBieH IMAAKTHYECKMH MaTepHal IS HUCCIENOBATENbCKOW CTYICHYECKOH NEATENbHOCTH C HMCIOJIb30BaHUEM
UKT (Maple 15) B obnactu Teopun ITuHaMuueckux cucreM. IIpeanoxenHoe aud¢epeHunansHoe ypaBHEHHE B3ATO U3 HETJIagKon
MEXaHHKH, U caMo I0 cebe, 1 ero roMOTOIHNS IEMOHCTPHPYIOT BCE M3BECTHBIC CBOMCTBA BBIILICO3HAYCHHBIX CHCTEM. MaTepHa Mo-
KeT OBITh HCIIOJIb30BaH B HCCIIEI0BATEILCKOM CEIMEHTE 00pa30BaTeIbHOrO MPOLecca By30B.

Knrouesvie cnosa: nuaamMudeckue cucteMbl, Maple, Oudypkanus, npenesbHbIi UK, H3MCHEHHE MIEPUOIa, UCCIIEI0BATEILCKA
JIeSITENIbHOCTD.

V. V. Chistyakov, E. I. Smirnov

About Experience in Use of the Maple 15 Product in the Educational Research
in the Field of the Theory of Dynamic Systems

Didactic material to research the student's activity in the field of the theory of dynamic systems with use of the Maple 15
software product is presented. It is investigated as the differential equation of the 2nd order of the real process of nonsmooth
mechanics of the movement with dry friction or its homotopy. Thus the right parts of the studied equations were irrational or in
general disconnected, and they depended on one or several parameters. The product allowed not only to simulate visually solutions of
the studied equations, to study their evolution during change of parameters, but also gave a chance to study qualitatively phase
portraits and to make their classification. The last had multiple fantastical forms, showing limit cycles with self-crossings, and also
parts of stochastic behaviour. Numerous bifurcations were the most exotic while scanning in the parameter as a result of which not
displaced anti-periodic solution became displaced periodic with change of the period in a rational number of times here. The chosen
dynamic equations allow to formulate a wide set of research questions for demonstration and even quantitative study of various facts
of the corresponding theory. The main means and the mechanism of formation of the research activity of the student in the course of
training to the subject we offer a complex of research professionally — applied questions, realized in specially organized environment
of resource lessons against the background of motives of self-updating and valuable orientations. The material can be used in the
research segment of the educational process of students’ professional training.

Didactic material to research the student's activity with use of ICT (Maple 15) in the field of the theory of dynamic systems is
presented. The offered differential equation is taken from nonsmooth mechanics, and itself, and its homotopy show all known
properties of the aforesaid systems. The material can be used in the research segment of the university educational process.

Keywords: dynamic systems, Maple, bifurcation, a limited cycle, a change of the period, a research activity.

Wzyuenne JUCLIUTUTIH €CTeCTBEHHO- MECTHOE HCIIONIb30BaHNe MPO(ECCHOHATBHOTO MaTe-
MareMaTH4ecKoro IMKJIa B By3e OoOpedeHo Ha MOBCe-  MAaTHYECKOro codTa yxe B HemaiekoM Oymymem. Ho
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U ceiyac B MEPEIOBBIX POCCUUCKUX YYEOHBIX 3aBe-
NeHUSX, TAaKUX Kak, HarmpuMep, Bricmast mkona 3Ko-
HOMHKH, MPAKTUKyM MO anredpe, reOMETpHH, Mare-
MaTU4YeCKOMY aHaJIM3y W JPYTHM pa3/ieiiaM MaTeMa-
THUKHU OCYIIECTBISIETCS C UCTIONE30BAHUEM TPOAYKTOB
Maple, Statistica, Wolfram Matematica u ap.

[ocnennue Bepcuu mpoaykra Maple mpencras-
JSIOTCS HanOosee TMOAXOASIIUME U TaKuX Ienen
10 MPUYHHE €ro YHUKaJIbHOU, IIIuHOM 0 20-TH 3Ha-
KOB apu(MeTuku (HE CIy4yailHO OHa UCIIONB3YEeTCs B
nponykre MatLab) u mpocroro uHTEpdencHOro
SI3bIKA, KOMaHJIbI KOTOPOTO MOYKHO HEMOCPEICTBEHHO
Opartb B onuu Help, MeHsIst UX HaIMOJHEHHE.

[Ipoaykr He3aMEeHUM B HCCIEIOBATEIBCKON JIes-
TENPHOCTH B paMKax CTyJACHYECKHX MaTeMaThu4e-
CKHX MPOEKTOB, B OCOOEHHOCTH KAaCAIOIINXCS TIOHS-
TUH, SBICHUH W (DAKTOB, HE HAXOMSALIUX IMPOCTOTO
AHAIMTUYECKOTO BBIPAXKEHHUS, HO TOJBKO IIyTEM
YUCIIEHHONW pealin3alii, TPU TOM C TPOMaTHBIM
00BEMOM BBIYHUCIICHUH.

BelmieckazanHoe pacrpocTpaHsSeTcss U Ha UCCIe-
JIOBaTeJIbCKYIO JESITENEHOCTh B PAMKaX TaK Ha3bIBae-
MOW meopuy OUHAMUYECKUX cucmem, HaXOMSAIIEeH Bce
OoJiblliee MPUMEHEHUE B KAUueCTBE MHCTPYMEHTA MO-
JIETUPOBAHUS HE TOJNBKO B €CTECTBEHHO-HAYYHBIX, HO
Y TYMaHWUTApHBIX TUCIHIUIMHAX, TAKUX KaK COIHOIH-
HaMHUKa, Yallle Ha3biBaeMas sxoHogusuxou [1].

[ToOouHBIM TIPOAYKTOM TaKOH HCCIIEI0BATEIIb-
CKOHW NIeATENBHOCTH SBJIsieTcs (POPMUPOBAHHE Y CTY-
JICHTOB OTIBITA U XOPOIIUX TOJb30BATEIIbCKUX HABBI-
KOB B NPUKJIAJHON MaTeMaTuKe, KPUTHYCCKOTO OT-
HOIIIEHUS K pe3yjbraTaM YHCIEHHOTO MOJETHpOBa-
HUS, KaK BBITIOJTHEHHOTO CAMHM, TaK U JIPYTHMH HC-
CJIeZIOBaTEIISIMU.

[Monp3oBarenn Maple xopomo mpeacTaBieHbl Ha
Pa3ITUYIHBIX UCCIICMOBATEIECKUX QopyMax, IMyOIHnKy-
ercst 6boraras IMTEparypa, 4TO MOTHBHUPYET CTYICH-
TOB Ha U3y4Y€HHE SA3BIKOB, IIOUCK U B3aUMOJEcTBHE
B VHTepHeTe, IpyruMH CIOBaMH — BUPTYaJIbHYIO
COLMAJIM3ALIMIO U TIP.

Hacrosimas pabora moCBsIeHa YHCICHHOMY
W3Y4YECHUIO TIPH IMIOMOLIM IPOTPaAMMHOIO IPOAYKTa
Maplel5 o0mmx CBOWCTB TUHAMHYECKAX CHCTEM Ha
MpUMepe YpaBHEHUH 2-TO MOpsKa ¢ UppalroHalb-
HOH WIIY Pa3pbIBHOW IIPaBOM 4acTbIO, 3aBUCALIEH OT
OJHOTO MJIM HECKOJIbKUX IIapaMeTpoB.

Hcxoanblii nporoTnn. B xauecTBe TakOBOIO IO-
CIyXXWJl T.H. aCmamuyHelli pomamop ¢ HETJIaBHOU
OCBIO BpaLICHUS, T.e. TBEPAOE TENO0, HACAKEHHOE Ha
HETIOJIBI)KHYIO OCh C IByMS OTIIOPaMH, IPOXOSILYIO
gyepes HeHTp ero mMacc C, HO He SBJSIOIIYIOCS 0Cbio
c800600H020 epawjenus [2]. Hampumep, 310 MOXeT
OBITH ONHOPOAHBIM SIJIMIICOM] C IPOCBEPIICHHBIM
gyepe3 IeHTp Macc KaHajaoM (cM. puc. 1).

[Ipu BpameHun H3-3a JUHAMUYECKOH HEypaBHO-
BEILICHHOCTH B BEPTHKAIBHBIX IIOCKOCTSX BO3HMKA-
10T MHEPIMOHHBIE Tapbl cul M, u M,, IpuBOAAIHE K
MOTIEPEYHBIM CHJIaM PEAaKIMU M, KaK CIENCTBHE, K
0CEBOMY MOMEHTY CHII CyXOro TpeHHs Mj, yMeHb-
IIAKOIIMM YIJIOBYIO CKOPOCTh (0 = () HApsily ¢ KBa-
PaTUYHBIM a3pPOANHAMUYECKHM COMIPOTHBICHUEM.

Uzyuanoce xonebarenpHOE MOBEACHUE pOTaTopa
MOA  JCWCTBHEM  YNPYIoro  BO3BPALLAIOIIETO

M, =—K@u TapMOHHYECKOTO  BBIHYKIAIOIIETO

e

M (1) = A4, sin (21 + y ) MomeHTOB.

JIMHAMHYECKOE YpaBHEHHE BHILTUIMT Kak [3]J 0 = —a@' + @ — c|§0| QP—Kp+ A4, Sin(_Qt + }/) (),

e J

zz9

a,C,K — napaMeTpbl HHEPLUHU, COIPOTUBIIEHUS U YIIPYTOCTH.

Pa3zpenieHHOE OTHOCUTENBHO CTapIleil MPOU3BOAHON YypaBHEHUE UMEET UPPAllMOHATIbHBIN BU]T

_ —J_ (ke — A4,sin Qt) - sign(¢) a\/—ZKAO(psin Ot + A sin® Qt + ¢ (JZZZ -’ ) +xQ’

(0_

2 2
J.—-a >0

Jl-a 2).

IIpuMedaTenbHO, YTO MPH BBIOIHEHHH yCIOBUS J = (@ = ¢ MPPAIMOHAIBHOCTH (2) MCUE3aeT, HO TOSIB-

JIACTCS NOTCHLIUAJIbHAA PA3PbIBHOCTh U3-3a O6paH_IaIOI]_ICFOC$I B HYJIb 3HAMCHATCIIA [4]

. 2J|g|e- Aysin(Q2t+y)+2xpA4,sin (2t +y) = 2xp- J |p|lgp — k79" — A7 sin® (Qt+y)

»

O6a ypaBHEHHS HE HHTCTPHPYIOTCS aHATHUTHYIC-
CKH, HO XOPOIIIO, XOTS U He 0e3 mpobieM, pemarTces

2J (wp+J|p|p— Aysin (21 + 7))

3).

YHCIICHHO, TIPUYEM Pa3InYHbIe Pa3HOCTHBIC CXCMBI
(rk45, gear v np.) MarOT COBIATAIONINE PE3YIIETATHL.
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OTiu4ure mpaBbIX YacTeil MPOSIBISETCS B Ka4ecT-
BEHHO PA3JIMYHBIX YIJIOBBIX KMHETHKAX, OJHA U3 KO-
TOPBIX XapaKTEPU3YeTCss OBICTPHIM BBIXOAOM Ha Iie-
PUOIMYSCKHI PEKUM C HATMYUEM H3JIOMOB Ha KpH-
Boil (t), mpyras ke, HA00OPOT, TIAIKOCTHIO, are-
PUOAMYHOCTHIO, U CHIILHOW MOIYJISALIUEH aMILTUTY/IbI

Puc. 3
Taxkum O6p8.30M, BJIMSIHUC YCIIOBUA Jzz = =C Ha napamMeTpbl JUHAMHUKHU PE3KO MCHACT KaPTUHY KH-

koneOanuii. BcenencrtBue 3TOro B MEpBOM Cilydae
AMeeT MECTO OBICTPHIN BBIXOX Ha «YIJIOBATHIN TIpe-
JICBHBIA UK B (pa30BOH IJIOCKOCTH, TOTJa KaK BO
BTOPOM CIIy4a€ TPAEKTOpHs, BEPOATHO, 3aAIOJIHSIET
BCIOAY IUIOTHO 3JUIMIIC C LIEHTPOM B Ha4asle KOOpIu-
Hat (puc. 2, 3).

Phase portrait Stim.osc. Jz=1, ¢=0.8.x=4, Q=Q2

— T T
-4op4 -0003 0002 -0.001

J=e=0=12=6,02=200.460=0.00=-0.23 y0=-317,

fonien = 11 T, AAD=0.001

|— o( — — 104003 — apt)]
Puc. 4

HETHKH, JieNas €€ B 3HaYUTEeIbHON Mepe CTOXaCTHYECKOM.
Tomotonus mporoTuna. Eciu crierka M3MEeHUTh YUCIIUTENb TPaBoi dacTH (3) kKak

. 2J|g|e- Aysin(Q2t+y)+2xpA4,sin (2t +y) - 2xp-J |p|p— k9 —sin® (2t +y)
V= 27 (kp+ J[g|g— Aysin (21 + 7))

(4),

o 2
OpaB aMILIN THBIM MHOXHWTCJIb A, To pemenus 1) OJIy4YaroLIerocs yKe HEPU3UIECKOTO ABHCHU S
0

MpHOOPETAIOT HEOOBIYHOE TTOBEICHNE.

ITpesxne Bcero OHM NPHOOPETAIOT CBOMCTBA CMEIIEHHOCTH OT HYJIEBOTO HMOJIOKEHUS IIPH ONPEIesIeH-

HBIX 3HAUCHUIX NapaMeTpoB (puc. 4).
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Bmecte ¢ pemeHHSME KauyeCTBEHHO MEHSIOTCS W (pa30BbIE HMOPTPETHI, AEMOHCTPUPYS MpeAeIbHBIC
LUKIIBI MHOKECTBEHHBIX MPUIYUTHBBIX (HOPM U C caMoriepecedeHusIMI (CM. pucC. 5, a-B).

J=e=0=1x=2.0=4Q0,60=0,00=-1,y0=0

T=e=0=12=0.1,0=80.00=0.00=1y0=n/4

Jee=0=1,1=5.0=2Q0.$0=0,00=-0.25,y0=-3/7,
t =7T 0

switch

— A0=0.373 — - — A0=0374

— — A0=0.330 — A0=0.325]

——A40=0.334 — 40=0.333

a) 0)

B)

Puc. 5

HeoOBIYHBIM MOMEHTOM TaKKe MMPEACTABIACTCA BOSMOXKHOCTDE p€aIn3allui Yacmuy4rblx NMMPEACIbHBIX
IUKJIOB, 3aMBIKAHUE KOTOPBIX OO0 IMOJHOIO KIIOATIOPYCHO» CTOXaCTHYCCKOU MOI[y‘H}II_[I/IOHHOI\/II KOMITIOHCHTOMH

(puc. 6).
J=c=a=1 kg*m>,x=900 N*m,2=0,720,
A0=0.8 N*m, $0=0,20=0,70=0

——
-0.0005 il
ke -0.01

-0.02

-0.03

Puc. 6

H3menenne AMIINIUTYAHOTO IapaMeTpa

A4, or

MAaJIbIX 3HAYEHUM K 60J'H>IHI/IM IMPUBOJAUT K MHOMXKCCT-
BEHHBIM OUQYpKaIMsIM, HCOJHOKPATHO MEHSIOIINM
(bopmy, pasmMep U CMEIICHHOCTh OT Hayalla KOOp.Iu-
HaT TpeebHOTo nuKIIa (puc. 7). I3 KapTHHBI KUHE-
TUKU BUTHO (CM. pHC. 4), KaK aHTUTIICPUOJUYESCKOE, a
MOTOMY HECMEIICHHOE PEIICHUE BCEro JHIIbL MPH
MHUKPOCKOITHYECKOM HU3MECHEHUH napamerpa

AA4,=0.001 nepexomuT B CMEIICHHOE B BEPXHIOIO

HOJYIJIOCKOCTh, HO NPOCTO Hepuoauyeckoe. B 06-
LIeM Cllyyae HalpaBliIeHHE CMEICHHS 3aBHUCHT OT
Hav9aJIbHOM a3kl vy.

JocroitHo BHUMaHHS OHQYpKAIIMOHHOE YMEHbB-
LICHHWEe TepuoAa pelleHus B menoe o paruo-
HajbpHOE (5/2, 3/2) uncno pa3, TMOO B YaCTHOM CITy-

J=c=0=1,2=1,2=020,00=-r,0=0.3,70=-1/3

- 0.6

Puc. 7

Yyae ero HeM3MEHHOCTh. Takoro poa JTUCKPETHOCTD
BCETZa MpEACTaBIIseT MOBBIICHHBI HMHTEpEC, 0CO-
OeHHO IUIA MccienoBareNieii HeMMHEHHBIX Koieba-
TEJIBHBIX CHUCTEM U SIBICHHMS PE30HaHCAa B HHUX, a
TaKXe TeX, KTO MPAaKTUKyeT CUMMETPUHHBIA W all-
reOpandeckuii moAXoAbl B m3y4deHuu auddepeHmm-
allbHBIX YpaBHEHUH.

BoiBoabl. TakuM 00pa3oM, NpeJIOKCHHBIN aB-
TOpaMy IpUMEp YPaBHEHHS XOPOLIO 1EMOHCTPUPYET
MHOTHE peajbHbIe CBOMCTBA IUHAMUYECKUX CUCTEM:
Takue, KaK MpeaebHbIN UK, CTOXaCTHYHOCTh, Ou-
¢bypkauuy, H3MEHEHHWE CBOWCTB NEPHUOAUYHOCTH
peleHus u aAp. B cBa3u ¢ 3TUM OH MOXeET OBITH B3ST
B KauecTBe y4eOHOIo Ijsl COOTBETCTBYIOLIMX Kyp-
COB.
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Peanuzamus ero He mpencramiser mpoOiieM Mpu
WCTIIOJI30BaHMUHU TPOAyKTa Maple, ¢ momMomnipio KOTo-
poro MOXKET OBITh OCYIIECTBIICHO U JaNbHEHIIee
HCCIICIOBaHUE TMHAMHUYECKOTO TIOBEACHHUS C MPHIIC-
JIOM Ha 0OHapyXeHHE HOBBIX HEOOBIYHBIX SBICHUH U
ocobenHocteit. B mobOoM citydae mojie s CTyIeH-
YECKOW WCCIIEIOBATCIbCKON JICATSIBHOCTH JIUIIb
CJIeTKa pacrhaxaHo, JeJ0 3a MOCIeI0BaTeIIIMH.
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